We demonstrate multiphoton interference using a resource-efficient frequency multiplexing scheme, suitable for quantum information applications that demand multiple indistinguishable and pure single photons. In our source, frequency-correlated photon pairs are generated over a wide range of frequencies by pulsed parametric down conversion. Indistinguishable single photons of a predetermined frequency are prepared using frequency-resolved detection of one photon to control an electro-optic frequency shift applied to its partner. Measured photon statistics show multiplexing increases the probability of delivering a single photon, without a corresponding increase to multiphoton events. Interference of consecutive outputs is used to bound the single-photon purity and demonstrate the non-classical nature of the emitted light.
INTRODUCTION
The deterministic preparation of an optical field consisting of exactly one photon with completely specified characteristics is a long-running scientific and technical challenge [1] . Potential applications for such a light source include sensing and imaging, quantum computing and simulations, secure communications, and fundamental tests of quantum science [2] [3] [4] . Approaches to meet this challenge are predominantly based on either a single emitter or nonlinear optical wave mixing, and the performance of such a single-photon source may be characterized in terms of its photon statistics-the degree to which the output field contains precisely one photon, and the single-photon purity-the degree to which the single photon occupies a single optical space-time mode. For some applications specific modal characteristics (e.g. particular frequency and beam geometry) might also be required. In all of these aspects, significant progress has been made for both single-emitter and nonlinear optical sources [5] [6] [7] , yet further improvements are necessary to enable the most demanding applications.
Nonlinear optical photon sources are based on heralding detection and spontaneous parametric wave mixing, most commonly spontaneous parametric down conversion (SPDC). In SPDC the second-order nonlinear response of a material due to its interaction with a strong pump field generates pairs of photons in two new fields, which we refer to as signal and herald. Detection of the herald field is used to indicate when a single photon is prepared in the signal field [8, 9] .
A quantum mechanical description of SPDC is given by an effective Hamiltonian that is bilinear in field operators:Ĥ = B dν dν f (ν, ν )â † s (ν)b † h (ν ) + h.c.
(
whereâ † s andb † h are bosonic creation operators in the signal and herald fields at the specified frequency ν, and the gain B depends on the optical nonlinearity and pump field intensity. The complex-valued joint spectral amplitude (JSA) function f (ν, ν ) describes spectral-temporal correlations between the signal and herald fields [10] .
To achieve a high single-photon purity, heralded sources often employ a JSA that is factorable, f (ν, ν ) = A s (ν)B h (ν ), as in Fig. 1(a) [11] . The frequency characteristics of the signal photon are therefore independent of those of the detected herald photon, and Eq. 1 results in a two-mode squeezed vacuum state in broadband modes A s and B h with a squeezing parameter dependent on the gain. In this case, with optimal squeezing, the maximum probability to generate one pair of photons is 0. 25 . If the heralding detectors are capable of efficient photon number resolution, this allows such a high gain source to be employed. However, typically such detectors are at best inefficient, and more usually are not photon number resolving, and therefore a common expedient is to suppress contributions from multiple photon pairs, by operating the single-photon sources far below this limit [12] .
To increase the probability of delivering a photon, the outputs from several heralded SPDC sources can be combined into a common channel, an approach referred to as source multiplexing [13, 14] . A spatially multiplexed photon source, for example, consists of multiple factorable sources routed through a switching network, conditioned on which source generates a photon pair [14] . In a frequency-multiplexed photon source [15, 16] , the spectral structure of a single nonlinear interaction plays the role of multiple factorable sources. By using an anticorrelated JSA ( Fig. 1(b) ), which naturally arises when the pump bandwidth is much less than the phase-matching bandwidth, photon pairs that differ only by their central frequencies are generated across the whole joint spec- trum. The frequency of a signal photon is determined by a frequency-resolved heralding measurement. A frequency shift is then applied to route the signal photon to the specified output mode, matched to the passband of an output filter needed to reject photons at other frequency ranges.
Recent advances in both single-emitter and multiplexed single-photon sources have led to devices that achieve a 50-70% probability of delivering a single photon with a purity of 80-90% [5, 17] . Multiplexed devices could be further improved by employing number resolved herald detection-an ideal device would then require only 17 heralded sources to deliver a photon with over 99% probability [12] , however to be practical this would require a substantial improvement to the achievable detection efficiency. An alternative approach that makes use of efficient, but non-number-resolving detectors, is to use a large number of sources of weakly-squeezed light, where the probability of more than one pair of photons being generated is very small.
The technical feasibility for a multiplexing scheme to employ a large number of sources depends on how the number of device components and overall loss scale with the number of sources N . Spatial schemes require N physically distinct SPDC sources, and the construction of the N ×1 switch determines its loss scaling: For example, a binary tree network requires log N two-port switches; a generalised Mach-Zehnder network demands N couplers and a phase shifter (used X times) and a serial network N switches. [18, 19] . In contrast, temporal multiplexing with an optical delay requires only one two-port switch and one SPDC source,each operated N times [17] . As with serial spatial switches, however, the output suffers a worst-case loss of N passes through the switch. Frequency multiplexing is unique in combining advantages of the N ×1 switch and optical delay. In this case, neither the overall loss nor the number of physical components necessarily increases with N .
In this article, we report a frequency multiplexing device that demonstrates the promise to scale to high performance using a large number of effective sources. In particular, the methods we use to generate, detect, and switch photons operate continuously over a range of frequencies, thereby realizing the scaling advantage of this approach. We demonstrate an enhancement in singlephoton statistics and, for the first time, test the singlephoton purity of a frequency multiplexed source through interference of two photons generated by the source on sequential trials..
EXPERIMENTAL METHODS
A schematic of our frequency-multiplexed singlephoton source is shown in Fig. 2 . Pairs of photons with anticorrelated frequencies are generated by pulsed type-0 SPDC in a periodically poled potassium titanyl phosphate waveguide. This process is driven by a pulsed pump field at 386.8 THz (775 nm) with a full width half maximum (FWHM) bandwidth of 60 GHz (0.12 nm) and repetition rate of 10 MHz. The resulting joint spectrum is similar to that shown in Fig. 1(b) , symmetric about 193.5 THz (1550 nm) and highly linear over a range of more than 10 THz (80 nm). The herald and signal fields, respectively corresponding to wavelengths longer and shorter than 1550 nm, are divided in two beams by a dichroic mirror.
The herald field is then measured by a time-offlight single-photon spectrometer [20, 21] consisting of a chirped fibre Bragg grating (FBG) and time-resolved detection by a superconducting nanowire single-photon detector (SNSPD). The FBG results in a frequencydependent delay of 16 ps/GHz. The detection time, recorded by an FPGA-based time-to-digitial converter (TDC) [22] , determines the frequency of a herald photon with an uncertainty of 10 GHz due jitter in the SNSPD and timing electronics.
The frequency of a heralded photon in the signal field is shifted using a travelling-wave electro-optic phase modulator (EOM) [23, 24] . The photon co-propagates through the EOM with a drive voltage V (t) = V 0 sin (2πν RF t) with frequency ν RF = 8 GHz and amplitude V 0 . The period is substantially longer than the photon's pulse duration, so that appropriately setting the drive phase with respect to the photon's arrival time causes a phase across the single-photon pulse that varies linearly in time. The corresponding shift in the photon's carrier frequency is
where V π is the EOM voltage that results in an optical phase of π. To calibrate the frequency shifting, a continuous-wave seed field is added at 1565 nm, so that signal field pulses generated via difference frequency generation can be readily measured with an optical spectrum analyzer. Figure 3 (a) demonstrates a total frequency shift range of 2∆ν max = 170 GHz using this method. The shifted spectral distributions show greater than 94% overlap, indicating that the shift causes negligible distortion. Lastly, we combine the frequency-resolved herald measurement and frequency shift using feed-forward control. The FPGA uses a calibrated look up table to set the EOM voltage V 0 with a voltage-controlled attenuator, based on the time-of-flight detection time. To measure the joint spectrum of photon pairs, a second time-of-flight spectrometer is connected to the output signal field. Figure 3(b) shows that without shifting, the joint spectrum exhibits anticorrelation as expected. The signal output filter, with a passband indicated by the white lines, limits the observed frequency range. In contrast, the data in Fig. 3 (c) correspond to active frequency shifting. The joint distribution now shows that the frequency of the signal photon is largely independent of the measured frequency of the herald photon.
SOURCE CHARACTERISATION
We first examine how much the probability of delivering a photon increases when frequency shifting is activated. To do so, we measure the probability P (S, H) of joint detection events by SNSPDs on the output signal and herald fields. Figure 4 (a) shows the dependence of P (S, H) on the average power, with and without shifting activated. In both cases, we observe that P (S, H) increases linearly with power, as expected in the limit of small squeezing parameters. For a given pump power, we measure P (S, H) to increase by a factor of 2.7 when multiplexing is engaged.
Furthermore, we show that this increase in joint detection probability is achieved without a degredation of the output's single-photon character, as is the case if the pump power is simply increased without using multiplexing. For this we measure the heralded second-order correlation g (2) H using a Hanbury-Brown-Twiss (HBT) setup of a beam splitter followed by two detectors on the output of the source. As above, we record herald H and signal S 1 and S 2 detection events and estimate their independent and joint probabilities. We then estimate the second-order correlation from
where n is the mean number of photons in the signal field, before the HBT setup, conditional on a herald detection event, and in the second step we make an approximation of small squeezing [25] . For an ideal singlephoton source g
H = 0 since there is no probability to deliver more than one photon. For an ideal non-multiplexed heralded source with small squeezing, g (2) H = 4p for probability p to generate a pair of photons [26] . H measured for different values of P (S, H), which are achieved by varying the pump power as indicated in Fig. 4(a) . Without multiplexing, an increase in P (S, H) is accompanied by an undesirable increase in g (2) H . By using multiplexing, these data show an increase in the probability of delivering a photon is achieved while maintaining a constant g (2) H . We now investigate the modal purity of photons delivered by the multiplexed source [27] . In particular, the spectral mode should be consistent and independent of the herald frequency measurement. The modal purity is estimated by interfering consecutive heralded photons [28] using an unbalanced Mach-Zehnder interferometer. As shown in Fig. 5(a) the two photons are probabilistically separated by an initial beam splitter and aligned in time by a fixed optical-fiber delay and adjustable micropositioned delay. Interference at a second beam splitter is observed with single-photon detectors monitoring each output.
Two-photon interference is observed through variations in the joint detection probabilities as the relative delay is changed [29] , as shown in Fig. 5(b) . These data are normalised to account for fluctuations in the pump . 4 . Measurement of photon statistics with multiplexing inactive (blue) and active (grey). As the pump power is varied, we measure (a) the probability of a joint detection event in the signal and herald fields P (S, H) and (b) the secondorder correlation g (2) H in the case of a herald detection event. power, causing a varying photon-pair generation rate, between each data point. This is achieved by dividing the raw fourfold coincidence counts by the square of the total heralded signal counts.
The maximum state purity is inferred to be the visibility of this variation in joint detection [28] . We observe an interference visibility of 0.61 ± 0.04, noting that a visibility of over 0.5 from phase-independent sources indicates non-classical light [30] .
The modal purity of the single photons can be inferred to be at least as large as the observed interference visibility [28] . A detailed model of our source indicates the purity suffers two technical limitations specific to its implementation. First, limited resolution of the herald spectrometer, due to timing jitter in detection electronics, limits the purity to 0.92. Second, group velocity dispersion in the optical delay line (300 m of SMF-28 fiber) that precedes frequency shifting causes a time delay correlated to measured herald frequency. The combined effects of spectrometer uncertainty and dispersion result in a purity of 0.84. We estimate that further reductions in the two-photon interference visibility are due to multipair generation and imperfections in our interferometer. These calculations are presented in detail in the Supplementary Material.
OUTLOOK
In order to maximise the probability of delivering a single photon it is necessary to address as many frequency modes as possible whilst also minimising the losses on the signal and herald fields (see Supplementary Material for a full discussion about losses). For a continuous joint spectrum, the number of accessible modes is proportional to the ratio of the shift range to the photon bandwidth, 2∆ν max /σ photon . For a sinusoidal signal driving an EOM, the period of the drive signal must be larger than the photon temporal bandwidth in order to ensure a linear phase is applied to the photon. For an optimal ratio between the drive signal period and the photon temporal bandwidth, the maximum mode number is proportional to V 0 / V π .
The SPDC source described already generates photon pairs with anticorrelated frequencies that span a range over 80 nm. The range of the single-photon spectrometer described is 27 times greater than used. The limitation in our current implementation comes from the maximum rf voltage applied to the EOM. We expect that this can be increased by more than 30 times using standard RF amplifiers up to the breakdown voltage of our current EOM.
The single-photon purity can be readily improved by minimizing dispersion in the optical delay line. Splicing a suitable length of dispersion-compensating into the delay line, for example, would achieve this with negligible additional attenuation. Impurity due to heralding uncertainty can be reduced by increasing the spectrometer resolution, either by using low-jitter SNSPDs or increasing the FBG optical dispersion in the time-offlight detector. Alternately, the spectrometer requirements could be greatly reduced by using a cavity-based SPDC source designed to generate photon pairs in distinct factorable states comprised of two longitudinal cavity modes [31, 32] .
The single-photon spectrometer and frequency shifter described here are integrated using standard optical fiber. A complete waveguide-integrated multiplexed source can be achieved by employing a photon-pair source based on a fiber-coupled photonic chip [33] or in-fiber nonlinear optics [34] , along with a fiber wavelength splitter. The resulting device would allow compact and robust alignment-free operation. In light of the feasibility and performance scaling investigated here, these practical considerations suggest frequency multiplexing is a promising route to meeting the long-running challenge of a near-deterministic source of highly pure single photons. 
II. PURITY OF FREQUENCY MULTIPLEXED PHOTONS
It is important that single photons from a frequency multiplexed source are in highly pure states [2] . Imperfect frequency detection, resulting from timing jitter on the photon detectors and timing electronics, group velocity dispersion in delay stage before frequency shifting, and jitter on the EOM drive signal all contribute to decrease the purity of single photons delivered by the source. Here we describe how these influence the single photon purity, and then calculating the expected purity based on the parameters of our experiment.
The state of a heralded signal photon, following a heralding measurement outcome of frequency ω H , is given by
where f (ω s , ω i ) is the joint spectral amplitude of a photon pair. In general, the joint spectral amplitude describing photons generated by the SPDC consists of a product of a pump envelope function and a phase matching function for the non linear material [3] . For our experiment, in the frequency region in which we herald photons, the phase matching function is much broader than the pump envelope function. The joint spectral amplitude can therefore be well approximated by the pump envelope function alone.
The conditional probability distribution P (ω i |ω H ) describes the probability of the herald photon having a frequency ω i given that a measurement outcome of frequency ω H . This distribution characterises the imperfect frequency detection of the time of flight spectrometer.
After heralding, the signal photons travel through a delay stage in order to compensate for the latency of the feed forward electronics. Each heralded photon obtains a frequency dependant phase in the delay line before frequency shifting as a result of chromatic dispersion. A plane wave propagating through a dispersive medium obtains the phase k(ω)L, where k(ω) can be expanded about ω 0 so that
We take into account terms up to the quadratic term, which describes a phase acquired by each signal photon γ(ω s − ω 0 ) 2 , where we introduce a group velocity dispersion (GVD)
This phase corresponds to a time delay to each photon after the delay line that depends on its frequency.
After the delay line, the signal photon is frequency shifted to a central target frequency ω c (the central frequency of the output filter) by the application of a linear temporal phase, the exact form of which is set by the frequency of the herald measurement. In our experiment this is achieved using a sinusoidal phase, where the signal photon wave packet is phase locked to the linear region, given by
Finally, signal photons pass through an output filter with central frequency ω c . This is well approximated by a top-hat filter F (ω s ) on the signal mode with a bandwidth of σ f .
By taking these processes into account, we can write down the form of the overall state generated by the frequency multiplexing experiment as
The function A(ω s , ω i |ω H ) is the signal photon wave packet, conditioned on measuring the herald photon at frequency ω H and is given by
where N (ω H , ω i ) is a normalisation constant, so that dω s |A(ω s , ω i |ω H )| 2 = 1. The purity of this state is given by
A. Calculating the Purity of Frequency Multiplexed Photons
Both the imperfect nature of the frequency resolved detection and the group velocity dispersion experienced by heralded single photons in the delay line act to reduce the state purity of the frequency multiplexed source. We now calculate the expected purity of the photons from our experiment using equation 6 and the experimental parameters summarised in 
Characterisation of Imperfect Detectors
The frequency resolved detector is comprised of a highly dispersive fibre Bragg grating (FBG), which maps the frequency of a photon onto its arrival time at a single photon detector. The arrival time is measured relative to a clock signal, derived from the pump laser, using an FPGA (TDC). Timing jitter in the photon detectors and the TDC results in uncertainty in the photon frequency. This uncertainty is characterised by measuring the arrival time of photons generated at a well defined frequency. Figure 1 shows the arrival time measurements of photons generated using seeded SPDC to generate photons with a carrier frequency of 1535 nm. The histogram bin width is defined by the TDC resolution of 33 ps.
We use a smooth fit to this distribution, along with the specified FBG dispersion, to approximate the probability distribution P (ω H |ω i ). From this we approximate P (ω i -ω H ) (Figure 1 ). The isolated effect of imperfect frequency detection on the heralded photon purity is calculated from equation 6 by taking γ = 0. The resulting heralded photon purity is 0.92. 
Group Velocity Dispersion
The delay line is made from 300 m of optical fiber (SMF 28), with a specified maximum dispersion parameter of 18 ps/(nm · km). To investigate the effect of group velocity dispersion alone, we now assume perfect detector resolution, P (ω i |ω H ) = δ(ω i − ω H ).
Group velocity dispersion results in a time delay that depends on the herald frequency, which reduces the purity. This effect also acts to broaden the two photon interference curve we measure. Figure 1 shows the effect of GVD on the photon purity. For the specified maximum dispersion of 18 ps/(nm · km) we calculate a resulting purity is 0.95, assuming perfect frequency detection.
Overall Photon Purity
We calculate that with the maximum expected GVD of 18 ps/(nm · km) and the measured timing jitter distribution we expect a minimum single photon purity of 0.84.
B. Phase Jitter
So far we have assumed a completely linear temporal phase is applied to each photon.
Phase jitter in the microwave signal driving the phase modulator can result in an incorrect, and possibly non-linear, phase being applied.
In order to investigate this effect, we calculate the reduction in purity due to temporal jitter on the drive signal on a pure photon wave packet. In the time domain, after the application of the drive signal this is given by
where we take x to be a random variable from a Gaussian distribution with variance σ 2 jitter . We then calculate the purity as
The simulated heralded photon purity as a function of the phase jitter σ jitter is shown in Fig 2. We estimate the phase jitter in our experiment to be σ jitter = 5.3 ps. Although we simulate that this jitter should not significantly reduce the photon purity, we note that a small and plausible increase in the phase jitter would cause a significant effect.
III. HONG-OU-MANDEL INTERFERENCE VISIBILITY
We measure the HOM interference of photons from subsequent time bins generated by the frequency multiplexed source. The measured visibility is 0.61 ± 0.04. This visibility is partly reduced due to the single-photon purity, discussed above, which it cannot exceed.
The HOM visibility is also reduced due to higher photon number contributions. These are estimated from the heralded second order correlation function at the pump power at which the two photon interference was measured, g
H = 0.14. If the source were single-mode, and the photons generated in pure states, the resulting HOM interference visibility would be 0.86. With both the modeled purity of 0.84 and multiphoton contributions considered, the expected HOM visibility is 0.72.
IV. LOSSES
The heralding efficiency, and therefore P(S,H) are significantly influenced by optical losses. The losses in our experiment are summarised in table II. These values imply signal and herald efficiencies of η s = 0.13 and η H = 0.12 (assuming the worst measured detector effciencies). We also infer the signal and herald efficiencies via measurement of the Klyshko efficiency. From this we obtain η s = 0.14 and η H = 0.11 to 0.15.
Ultimately, the probability for the multiplexed source delivering a single photon will saturate at the signal arm efficiency (in the limit of infinite effective photon sources). The herald efficiency does not change maximum possible delivery probability. However a decrease in the herald arm efficiency increases the number of effective sources required in order to reach some fraction of the maximum single photon delivery probability.
To investigate the dependence of photon statistics on efficiencies, we model the joint spectrum as a series of factorable frequency modes, each of which has thermal statistics.
The number of frequency modes, or effective sources being multiplexed is approximately ∆ω/B where ∆ω is the frequency shift range and B is the single photon bandwidth. In Figure 3 we plot the joint probability of detection P(S,H) for this model for a fixed effective source number and g
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